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ANALYTIC CONTINUATION OF DIFFERENTIAL OPERATORS
AND APPLICATIONS TO GALOIS REPRESENTATIONS
E. E. EISCHEN†, M. FLANDER‡, A. GHITZA, E. MANTOVAN, AND A. MCANDREW∗
Abstract. The main goal of this paper is to describe the effect of certain differ-
ential operators on mod p Galois representations associated to automorphic forms
on unitary and symplectic groups. As intermediate steps, we analytically continue
the mod p reduction of certain p-adic differential operators, defined a priori only
over the ordinary locus in some of the authors’ earlier work, to the whole Shimura
variety associated to a unitary or symplectic group; and we explicitly describe the
commutation relations between Hecke operators and our differential operators. The
motivation for this investigation comes from the special case of GL2, where similar
operators were used to study the weight part of Serre’s conjecture. In that case, one
has a convenient description in terms of q-expansions, but such a formula-driven
approach is not readily accessible in our settings. So, building on ideas of Gross
and Katz, we pursue an intrinsic approach that avoids a need for q-expansions or
analogues.
1. Introduction
This paper concerns the analytic continuation of certain differential operators and
applications to Galois representations. As is often the case when studying Galois
representations, the approaches here depend largely on properties of associated auto-
morphic forms and the geometry of the moduli spaces over which they are defined.
1.1. Context from the special case of GL2. For motivation, we briefly recall re-
lated results for modular forms and 2-dimensional Galois representations. Fix a prime
p. Associated to a cuspidal eigenform f with Fourier expansion f(q) = ∑n⩾1 anqn, nor-
malized so that a1 = 1, there is a continuous, semi-simple representation
ρf ∶Gal (Q/Q)→ GL2 (Qp) ,(1)
unramified at all primes ℓ coprime to p and the level of f , and satisfying
Trace (ρf (Frobℓ)) = aℓ and det (ρf (Frobℓ)) = ℓk−1ψ(ℓ)
at such primes, where k is the weight of f and ψ is the nebentypus of f [Eic54,
Shi58a, Shi58b, Igu59, Del71, Del73, DS74]. Equivalently, using the description of
Hecke operators on q-expansions, this statement can be reformulated in terms of
Hecke eigenvalues in place of Fourier coefficients.
Serre’s conjectures (formulated in [Ser75, Ser87] and proved in generality in [KW09a,
KW09b, KW09c] and in certain cases in [Die07, Die09]) associate to a representation
ρ∶Gal (Q/Q)→ GL2 (F) ,
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with F a finite field of characteristic p, a cuspidal eigenform f such that ρf ≅ ρ, where
ρf denotes the reduction of ρf mod p. Serre’s conjectures also specify the weight and
level of f .
In the proof of the weight part of Serre’s conjecture, it turns out to be useful
to consider the action of powers of a certain mod p differential operator developed
by Katz in [Kat77]. Katz constructs a mod p differential operator θ that, a priori,
is defined only over the ordinary locus (of the moduli space M of elliptic curves
over which the line bundle of modular forms is defined) and then explains how to
analytically continue it to all of M. This operator acts on the q-expansion of a mod
p modular form f = ∑n⩾0 anqn by
θ(f) = ∑
n⩾0
nanq
n.(2)
Via the action of Hecke operators Tℓ on q-expansions, it is simple to observe that
Tℓθ = ℓθTℓ.(3)
As a consequence,
ρθf = χ⊗ ρf ,(4)
where χ∶Gal (Q/Q)→ F×p is the mod p cyclotomic character. The effect of powers of θ
on ρf plays an important role in proving the weight part of Serre’s conjecture [Edi92].
1.2. New results for reductive (especially symplectic and unitary) groups.
To gain more insight into the complicated structures of Galois groups, it is necessary
to consider Galois representations of higher dimension. In analogy with the setting for
GL2 in Section 1.1, there are links between higher-dimensional Galois representations
and automorphic forms on more general reductive groups. Likewise, higher rank
analogues Dλκ of θ have been constructed over the ordinary locus of unitary and
symplectic Shimura varieties (e.g. in [Eis12, EFMV18], building on ideas introduced
by Katz and Harris in [Kat78, Har81, Har86]).
What about analytic continuation of these differential operators to the whole
Shimura variety, as well as applications to higher-dimensional Galois representations?
While much of our formulation is for reductive groups, specializing to symplectic and
unitary groups G yields Theorems A and B below.
Our proofs are entirely intrinsic to the geometry of the underlying Shimura varieties
X . This allows us to overcome what might appear—from the setup for modular forms
in Section 1.1—to be an obstruction to working with more general groups: We do
not necessarily have q-expansions in our setting, thus depriving us of analogues of
Equation (2). By exploiting geometry, however, we obtain clean, intrinsic descriptions
without reference to q-expansions (and without reference to Serre–Tate or Fourier–
Jacobi expansions, which might at first appear to be reasonable substitutes but turn
out not to be similarly suitable for studying the action of the Hecke algebras).
Theorem A (Analytic continuation of mod p differential operators). In the sym-
plectic and unitary cases, the differential operators Dλκ, defined a priori only over
the ordinary locus, can be analytically continued to the whole mod p Shimura vari-
ety to give a differential operator Θλκ on mod p automorphic forms. These operators
specialize in the case of GSp2 = GL2 to Katz’s operator θ described in Equation (2).
3With these operators, we can reformulate Equations (3) and (4) to obtain Theo-
rem B. (Below, νˆ denotes the cocharacter dual to the similitude character ν of G, and
k denotes the parallel weight with entries all equal to k ∈ Z.)
Theorem B (Action of differential operators on mod p Galois representations). Let
G be a symplectic or unitary group over Q, split over a number field F . Let f be a
mod p Hecke eigenform on G of weight κ, and let λ be a weight that is admissible
(as in Definition 2.2.1). Assume Θλ(f) ∶= Θλκ(f) is nonzero. Then Θλ(f) is a Hecke
eigenform of weight κ + λ + (p − 1)∣λ/2∣.
Furthermore, for ρ∶Gal (F /F)→ Gˆ (Fp) a continuous representation, the Frobenius
eigenvalues of ρ agree with the Hecke eigenvalues of f (as defined in Conjecture 2.1.1)
if and only if the Frobenius eigenvalues of (νˆ ∣λ∣/2 ○ χ) ⊗ ρ agree with the Hecke eigen-
values of Θλ(f).
Remark 1.2.1. The reader who prefers to work with representations of Gal (Q/Q)
instead of Gal (F /F) can do so by replacing the split version of the Satake iso-
morphism described in Section 2.1 (where we follow [Gro98]) with the non-split
version from [TV16, Section 7]. The Galois representations are then of the form
Gal (Q/Q)→ LG(Fp), taking values in the Langlands dual group of G.
Remark 1.2.2. Groups of low rank are often amenable to explicit analysis. For Picard
modular forms, de Shalit and Goren are currently studying related aspects of mod p
Galois representations, such as θ-cycles in the µ-ordinary setting, as analogues of θ are
constructed in [dSG16, dSG17, EM17]. (In [dSG17], via a different approach from
ours, they also obtain results on analytic continuation for automorphic forms over
arbitrary rank unitary groups, if one restricts to working over a quadratic imaginary
field and with scalar weights.) For Hilbert modular forms, Andreatta and Goren
obtained several results on theta cycles in [AG05, Section 16], building on earlier
work of Jochnowitz [Joc82]. Yamauchi has done related work for GSp4 [Yam16].
Remark 1.2.3. Katz discusses the exact filtration of a modp modular form f [Kat77,
Section I]: the smallest k such that f is not divisible by the Hasse invariant, or
equivalently, the smallest k such that there is no modular form of weight k′ < k whose
q-expansion at some cusp agrees with the q-expansion of f . The notion of exact
filtration is related to questions about the kernel of the differential operator (times
the Hasse invariant) and to the proof of the weight part of Serre’s conjecture, as
described in, e.g. [Edi92, Section 3]. The statements and proofs concerning weight
filtrations and that kernel in [Kat77, Theorem and Some Corollaries] extend naturally
to the mod p automorphic forms of scalar weights in our setting.
1.3. Obstructions to analytic continuation in characteristic 0. Since the rep-
resentation (1) holds in characteristic 0, it is natural to ask about the possibility of
lifting Theorems A and B from the mod p setting to the p-adic setting.
As an intermediate step, one might try to lift to characteristic pm for m > 1 an
integer. Chen and Kiming have accomplished this for mod pm modular forms f ,
and they have proved that if f has weight filtration k, then θf has weight filtration
k + 2+ 2pm−1(p− 1) [CK16, Theorem 1]. This shows that, for modular forms over Zp,
there is no way to analytically continue the operator θ from the ordinary locus to the
entire Shimura variety over Zp. Indeed, if it were possible to analytically continue θ,
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then the weight filtration of θf mod pm would be bounded above by the weight of the
characteristic 0 form θf ; but as Chen and Kiming have shown, the weight filtration
of θf mod pm is unbounded as m goes to infinity.
Observing this obstruction to analytically continuing the entire form in character-
istic 0, one might try just to analytically continue the ordinary part of Dλκf . More
precisely, let e denote Hida’s ordinary projector (defined in [Hid02, Sections 6–8]),
which acts on the space of p-adic automorphic forms. A p-adic automorphic form is
ordinary if it is in the image of e. Every ordinary p-adic automorphic form of suf-
ficiently regular algebraic weight is, in fact, an ordinary classical automorphic form
defined over the whole Shimura variety X , by [Hid02, Theorems 6.8(4) and 7.1(4)].
So even though Dλκf cannot be extended to all of X , we at least have that eD
λ
κf
extends to all of X .
As we shall see in Corollary 4.3.5, though, the proof of Theorem B (an analysis
of the interaction between Hecke operators and differential operators) also shows
that eDλκ = 0. So the ordinary part of Dλκf is 0. In the case of modular forms in
characteristic 0, Coleman, Gouveˆa, and Jochnowitz also showed in [CGJ95, Corollary
10] that θ destroys overconvergence, due to a relationship with the weight 2 Eisenstein
series E2 (a relationship that actually enables the mod p
m liftings in [CK16]).
1.4. Organization. Section 2 introduces conventions and background, divided into
two parts. The first focuses on Hecke algebras and Galois representations. The second
provides background on Shimura varieties and automorphic forms (including Hasse
invariants, a key ingredient in the analytic continuation of differential operators).
Section 3 establishes the analytic continuation of the modulo p reduction of p-adic
differential operators. Those operators were previously constructed over the ordinary
locus in [Eis12, EFMV18]. The key work in this section lies in producing another
construction of differential operators in characteristic p that is defined over the whole
Shimura variety and then showing that it agrees with the mod p reduction of the p-
adic differential operators we originally constructed. Theorem A is a consequence of
the main result of this section, Theorem 3.4.1, which demonstrates the role of Hasse
invariants in analytically continuing differential operators, in analogy with Katz’s
approach in [Kat77].
Section 4 describes the interaction between differential operators and Hecke oper-
ators. Our proofs rely entirely on intrinsic properties of Shimura varieties and do not
require q-expansions. Theorem 4.2.4 shows that the differential operators commute
with prime-to-p Hecke operators up to scalar multiples, in analogy with Equation (3),
a key step toward describing the effect on Galois representations.
Section 5 establishes an axiomatic result, Theorem 5.1.1, on Galois representa-
tions and associated Hecke eigenvalues for general reductive groups. Theorem B is a
consequence of Theorem 5.1.1, as the relevant conditions hold by Theorem 4.2.4.
1.5. Acknowledgements. The third and fifth named authors thank Dick Gross,
Arun Ram, Olav Richter, and Martin Weissman for helpful suggestions. The first
named author thanks Caltech for hospitality during a visit to work on this project.
2. Background and conventions
This section introduces Galois representations (Section 2.1) and associated auto-
morphic forms over Shimura varieties (Section 2.2).
52.1. Hecke algebras and Galois representations. We recall properties of alge-
braic groups, Hecke algebras, and Galois representations associated with systems of
Hecke eigenvalues. For clarity, here and in Section 5.1 we work with a general con-
nected reductive group G, although in the rest of the paper we deal exclusively with
G either symplectic or unitary (as in Section 2.2).
Our main reference is [Gro98], with some aspects borrowed from [TV16] and [BG14].
2.1.1. Dual group. Let G be a connected reductive algebraic group over a field F .
We assume that G is split over F , that is any maximal torus of G is isomorphic
over F to a product of copies of Gm.
We fix a maximal torus T contained in a Borel subgroup B of G, all defined over
F . The Weyl group of T is W = NG(T )/T . Let X● = X●(T ) = Hom (TF ,Gm) be the
character lattice and X● = X●(T ) = Hom (Gm, TF ) be the cocharacter lattice. There
is a natural pairing
⟨, ⟩∶X● ×X● → Hom(Gm,Gm) ≅ Z
given by ⟨χ,µ⟩ = χ ○ µ.
Given a representation of G, its restriction to T is a direct sum of characters
(the weights of the representation). The roots of G are the nontrivial weights of the
adjoint representation Ad∶G → Aut(Lie(G)). If one instead considers the adjoint
action on Lie(B), one obtains the positive roots. The set ∆● of simple roots consists
of those positive roots that cannot be written as the sum of other positive roots. The
coroot basis ∆● is the set of simple coroots. The root datum of G is the quadruple
Ψ(G) = (X●,∆●,X●,∆●).
We consider Gˆ, the dual group of G, viewed as a reductive group over k, a field
to be specified later. (In the automorphic literature, k is often taken to be C, but
our main focus will be on Fp. For the existence of Gˆ over a general base, see [Con14,
Theorem 6.1.16].) After fixing Tˆ ⊂ Bˆ ⊂ Gˆ, there is an identification X●(Tˆ ) ≅ X●(T )
that maps the positive roots with respect to Bˆ to the positive coroots with respect
to B. The root datum of Gˆ is Ψ(G)∨ = (X●,∆●,X●,∆●).
Under the duality between G and Gˆ, a character χ∶T → Gm in X●(T ) corresponds
to a cocharacter χˆ∶Gm → Tˆ in X●(Tˆ ) = X●(T ). Similarly, the character of Tˆ corre-
sponding to µ ∈ X●(T ) is denoted µˆ. Note that, given χ ∈ X●(T ) and µ ∈ X●(T ), the
two morphisms
χ ○ µ∶Gm → T → Gm and µˆ ○ χˆ∶Gm → Tˆ → Gm
agree, i.e. χ ○ µ = µˆ ○ χˆ.
Let
P+ ∶= {χ ∈X● ∣ ⟨α,χ⟩ ⩾ 0 for all α ∈∆●}.
The elements of P+ are called the dominant weights of (the maximal torus Tˆ of) Gˆ.
There is a partial ordering ⩾ on P+, where λ ⩾ µ if
λ − µ = ∑
α∨∈∆●
nα∨α
∨ with nα∨ ∈ Z⩾0.
By Chevalley’s theorem [Jan03, Corollary 2.7 of Part II], the set P+ is in bijection
with the set of irreducible finite dimensional Gˆ-modules over k. For any λ ∈ P+, we
denote by (ρλ, Vλ) the irreducible Gˆ-module of highest weight λ.
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We have an identification [Gro98, Section 1]
R(Gˆ) ≅ Z[X●(Tˆ )]W ≅ Z[X●(T )]W .
Using this we can view the elements of the representation ring as sums of characters
of Tˆ or cocharacters of T . Given λ ∈ P+, let χλ ∶= Tr(ρλ) ∈ Z[X●(Tˆ )] denote the
character of the irreducible representation ρλ∶ Gˆ → GL(Vλ) of highest weight λ. Using
the above, we can express
χλ = ∑
µ⩽λ
(dimVλ(µ))µˆ,
where µˆ ∈ X●(Tˆ ) is the character corresponding to µ ∈ X●(T ) by duality, and Vλ(µ)
is the weight space of weight µ in Vλ.
2.1.2. Local Hecke algebra and Satake isomorphism. We now take G to be a connected
split reductive group over a local field Fv with ring of integers Ov. We choose a
uniformizer πv of Ov, and we let qv denote the cardinality of the residue field Ov/πvOv.
As we assume G to be split, there exists a group scheme G over Ov whose generic
fiber is G and whose special fiber is reductive. We set Gv = G(Fv) and Kv = G(Ov),
then Kv is a hyperspecial maximal compact subgroup of the locally compact group
Gv.
Given a commutative ring R, the R-valued Hecke algebra of the pair (Gv ,Kv) is
H(Gv ,Kv ;R) = {h∶Kv/Gv/Kv Ð→ R ∣ h locally constant,compactly supported }
with multiplication given by
(h1 ∗ h2)(KvgKv) = ∑
xKv∈Gv/Kv
h1(KvxKv)h2(Kvx−1gKv).
We work with the basis of H(Gv ,Kv ;R) consisting of the characteristic functions
cλ = char (Kvλ(πv)Kv) for λ ∈ P+.
The Satake transform is a ring isomorphism
Sv ∶H (Gv ,Kv;Z [q±1/2v ])Ð→ Z [q±1/2v ] [X●(Tˆ )]W = R (Gˆ)⊗ Z [q±1/2v ] .
If λ ∈ P+ then the image of the basis element cλ can be written1
(5) Sv(cλ) = ∑
µ⩽λ
bλ(µ)q⟨ρ,µ⟩v χµ,
where µ runs over the elements in P+ such that µ ⩽ λ, bλ(µ) ∈ Z and bλ(λ) = 1.
There is a similar identity expressing χλ in terms of images of characteristic func-
tions:
χλ = q−⟨ρ,λ⟩v ∑
µ⩽λ
dλ(µ)Sv(cµ),
where dλ(µ) ∈ Z and dλ(λ) = 1. For future use, let us record a consequence of this
identity:
(6) S−1v (χλ) = q−⟨ρ,λ⟩v ∑
µ⩽λ
dλ(µ)cµ.
1The element ρ is the half-sum of the positive roots of G, but we will not need to know this, only
that it is the same in all the identities related to the Satake isomorphism Sv
7In most of the paper we work with Fp-coefficients, for a fixed prime p. If v does
not divide p, then, after making a choice of square root2 of qv in Fp, we get a mod p
version of the Satake transform by tensoring with Fp:
Sv ∶H(Gv ,Kv ;Fp)Ð→ Fp[X●(Tˆ )]W = R(Gˆ)⊗ Fp.
Equation (6) continues to hold in this setting, with dλ(µ) ∈ Fp and dλ(λ) = 1.
2.1.3. Galois representations associated to automorphic forms mod p. We summarize
the (conjectural) correspondence between Galois representations and automorphic
representations following [BG14].
Let G be a connected reductive group over Q and let F be the splitting field of G.
Fix a prime p. Given a level K = ∏vKv ⊂ G(Af), we say that a finite place v of F is
bad (with respect to p and K) if v lies above p or if Kv is not a hyperspecial maximal
compact subgroup of Gv = G(Fv). Otherwise we say that v is good, in which case we
are in the situation described in Section 2.1.2. All but finitely many places are good
with respect to p and K.
Let f be a Hecke eigenform mod p of level K on G, that is a class in the cohomology
with Fp-coefficients of the locally symmetric space defined by G and K (see [TV16,
Section 5] for details). (An important source of such f are the automorphic forms
defined on Shimura varieties, as seen in Section 2.2.4.)
For every good place v, f defines a character of the local Hecke algebraH(Gv,Kv ;Fp),
namely the Hecke eigensystem
Ψf,v ∶H(Gv ,Kv ;Fp)→ Fp
which takes an operator T to its eigenvalue:
Tf = Ψf,v(T )f.
Using the Satake isomorphism Sv from Section 2.1.2, we can define a character
ωf ∶R(Gˆ)⊗ Fp → Fp by
ωf(χλ) = Ψf,v (S−1v (χλ)) .
The characters of the representation ring R(Gˆ)⊗ Fp are indexed by the semi-simple
conjugacy classes in Gˆ(Fp). Given such a class s, the corresponding character ωs is
determined by
ωs(χλ) = χλ(s).
In particular, the character ωf corresponding to f is indexed by some sf,v ∈ Gˆ(Fp),
called the v-Satake parameter of f .
We are ready to state the expected relation between Hecke eigenforms and Galois
representations:
Conjecture 2.1.1 (Positive characteristic form of [BG14, Conjecture 5.17]). Let f
be a mod p Hecke eigenform of level K on a connected reductive group G over Q, split
over a number field F . There exists a continuous representation
ρ∶Gal (F /F)Ð→ Gˆ(Fp)
that is unramified outside the finite set Σ of places that are bad with respect to p and
the level K. If v ∉ Σ, then ρ(Frobv) = sf,v, the v-Satake parameter of f .
2For the subtleties of this choice of square root, look for local and global pseudoroots in [TV16,
Section 7].
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As noted in [BG14, Remark 5.19], the representation ρ need not be unique up to
conjugation. Given a Hecke eigenform f , we will denote by R(f) the set of Galois
representations attached to f as in Conjecture 2.1.1.
Remark 2.1.2. The reader looking to reconcile the statement of Conjecture 2.1.1 with
that of [BG14, Conjecture 5.17] will note the following differences:
● We work with Galois representations mod p rather than p-adic.
● Our assumption that G is split over F means that the Galois representations
land in the dual group Gˆ rather than the L-group LG.
● We relate the Hecke eigensystem of f with the images of Frobenii by using Sa-
take parameters (as defined above) rather than by comparing representations
of Weil groups.
● Since Buzzard and Gee work in the more general setting of automorphic rep-
resentations, they need to impose the condition of L-algebraicity, which is
automatically satisfied in the setting of our automorphic forms.
For the current state of the art regarding Conjecture 2.1.1, we have great achieve-
ments by Scholze in [Sch15] for the case G = GLn. (The conjectural correspondence
in this setting was first formulated by Ash in [Ash92].) Scholze’s work gives the
following.
Theorem 2.1.3 ([Sch15, Theorem I.3]). If F is a CM field that contains an imag-
inary quadratic field (or more generally, assuming the statements in [Art13], if F
is totally real or CM), then for any system of Hecke eigenvalues occurring in the
singular cohomology H i (XK ,Fp) of the locally symmetric space XK attached to GLn
over F , there is a continuous semisimple representation Gal (F /F)→ GLn(Fp) whose
Frobenius eigenvalues agree with that system of Hecke eigenvalues.
2.2. Shimura varieties and automorphic forms. This section introduces the
Shimura varieties and spaces of automorphic forms with which we will work.
2.2.1. Shimura varieties. In this paper, we consider PEL-type Shimura varieties of
either unitary (A) or symplectic (C) type. Here, we briefly introduce the Shimura
datum (D,∗, V, ⟨, ⟩, h) of PEL-type needed for our work later in the paper. We refer
to [Kot92] for a more detailed treatment.
Let D be a finite-dimensional simple Q-algebra with center F , let ∗ be a positive
involution on D over Q, and let F0 be the fixed field of ∗ on F . Since ∗ is positive on
F , its fixed field F0 is totally real. We say that ∗ is of the first kind if F = F0, and of
the second kind if F is a quadratic imaginary extension of F0 (in which case F is a
CM field).
In the following, we denote by TF0 (resp. TF ) the set of embeddings τ ∶F0 → R
(resp. τ ∶F → C). If ∗ is of the second kind (case (A)), then for each τ ∈ TF0 , we fix
an extension F → C in TF , which by abuse of notation, we still denote by τ , and we
write τ∗ for the other embedding F → C that restricts to τ on F0. We shall also fix
a choice ΣF of CM type, i.e. a set consisting of exactly one of τ, τ
∗ for each τ ∈ TF .
Let V be a non-zero finitely-generated leftD-module, and let ⟨, ⟩ be a non-degenerate
Q-valued alternating form on V such that ⟨bv,w⟩ = ⟨v, b∗w⟩, for all v,w ∈ V and all
b ∈ D. Let C be the Q-algebra EndD(V ); it is a simple algebra with center F , and
has an involution ∗ coming from the form ⟨, ⟩. Let h∶C → CR be a ∗-homomorphism
such that the symmetric real-valued bilinear form ⟨⋅, h(i)⋅⟩ on VR is positive-definite.
9Associated with the above data, we define the algebraic group G over Q whose
points on a Q-algebra R are given by
G(R) ∶= {x ∈ C ⊗Q R ∣ xx∗ ∈ R×}.
We denote by ν ∶G → Gm the morphism x → xx∗, called the similitude factor, by G1
its kernel, and by νˆ ∶Gm → Gˆ the cocharacter of Gˆ corresponding to ν under duality.
(Note that for any integer m ⩾ 1, the cocharacter of Gˆ dual to νm is νˆm.) Then G1 is
obtained from an algebraic group G0 over F0 by restriction of scalars from F0 to Q.
If ∗ is of the second kind—case (A)—then G0 is an inner form of a quasi-split unitary
group over F0. If ∗ is of the first kind, then over an algebraic closure of F0, the group
G0 is either orthogonal—case (D)—or symplectic—case (C). Going forward, we
assume we are in case (A) or (C).
The endomorphism hC = h×RC of VC = VR⊗C = V ⊗QC gives rise to a decomposition
VC = V1 ⊕ V2, where for all z ∈ C, (h(z),1) = h(z) × 1 acts by z on V1 and by z¯ on V2.
The reflex field E of the Shimura datum (D,∗, V, ⟨, ⟩, h) is the field of definition of
the G(C)-conjugacy class of V1.
Let p be a rational prime. We write Z(p) for the localization of Z at p. We choose
our data so that the following conditions are met:
(1) The prime p is unramified in F .
(2) The algebra D is split at p, i.e. DQp is a product of matrix algebras over
(unramified) extensions of Qp.
(3) There exists a Z(p)-order OD in D that is preserved by ∗ and whose p-adic
completion is a maximal order in DQp .
(4) There exists a Zp-lattice L in VQp that is self-dual for ⟨, ⟩ and preserved by
OD.
We also specify a level K, an open compact subgroup of G(Af), where Af denotes
the ring of finite adeles of Q. We further assume that K is neat (as defined in [Lan13,
Definition 1.4.1.8]) and that it decomposes as K = KpKp, where Kp ⊂ G(A(p)f ) and
Kp ⊂ G(Qp) is hyperspecial, namely Kp is the stabilizer of L in VQp .
We define X = XK to be the PEL-type moduli space of abelian varieties of level
K, associated with the datum (D,∗, V, ⟨, ⟩, h). Under our assumptions, XK extends
canonically to a smooth quasi-projective scheme over OE ⊗ Z(p), which by abuse of
notation we still denote by X . The set X (C) is a (finite) disjoint union of Shimura
varieties obtained from the data (G,h,K). In the following, by abuse of language,
we refer to X as the PEL-type Shimura variety of level K.
Given an abelian variety A, we denote by At its dual (and, likewise, in the context
of sheaves, we also use a superscript t to denote the dual).
2.2.2. Simplifying conditions. We assume p is totally split in the reflex field E.
Then, by [Wed99], the ordinary locus of the modulo p reduction X of the Shimura
variety X is non-empty. We fix a prime p of E above p, and we regard X = XK as a
scheme over W = Zp = OE,p.
For convenience, we further assume that D = F and that p splits completely
in F . These two assumptions are not necessary, but they allow us to simplify notation.
(By assumption (2) above, Morita equivalence reduces the general case of D /= F to
that of D = F ; we refer to [EM17, Section 6] for an explanation of how the case of p
totally split in E, but not in F , relates to the case of p totally split in F .)
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2.2.3. Signatures and Levi subgroups. The decomposition F ⊗QC = ⊕τ∈TFC induces a
decomposition V1 =⊕τ∈TF V1,τ . The signature of the Shimura datum is the collection
of integers for all τ ∈ TF
aτ ∶= dimC V1,τ .
Let n = dimF V . In the unitary case (A), we have aτ ⊕ aτ∗ = n, for all τ ∈ TF , and the
tuple of pairs (aτ , aτ∗), for τ ∈ ΣF , is the signature of the unitary group G0/F0. In
the symplectic case (C), we have aτ = n, for all τ ∈ TF0 . (For F0 = Q, we refer to case
(C) as the Siegel case, and to case (A) as the Hermitian case if aτ = a∗τ .)
Starting from the signature of the Shimura datum, we define an algebraic group H
over Z as
H ∶= ∏
τ∈TF
GLaτ =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∏
τ∈TF0
(GLaτ ×GLaτ∗) ⊆ ∏
τ∈TF0
GLn in the unitary case (A);
∏
τ∈TF0
GLn in the symplectic case (C).
Note that H(C) can be identified with the Levi subgroup of G1(C) that preserves
the decomposition VC = V1 ⊕ V2. We denote by T ⊆ B the diagonal maximal torus
inside the Borel subgroup of upper triangular matrices of H, and by N the unipotent
subgroup of B.
2.2.4. Automorphic forms. We recall the construction of automorphic sheaves over X .
We refer to [CEF+16, Section 3.2] for details. For convenience, we fix an identification
of C with Cp, compatible with the choice of the prime p of E.
Given a characteristic p field F, we denote its Witt vectors by W (F). We also
set W ∶= W (Z/pZ) and identify W with Zp. We identify TF0 (resp. TF ) with
Hom (OF0 ,W (Fp)) (resp. Hom (OF ,W (Fp))).
Let π∶A → X denote the universal abelian scheme, of relative dimension g =
n[F0∶Q] over X , and set ωA/X ∶= π∗Ω1A/X ; it is a locally free sheaf of rank g.
Set T ∶= TF . The action of OF on ω induces a decomposition of ω as
ω = ⊕
τ∈T
ωτ
where for each τ ∈ T the sheaf ωτ is locally free of rank aτ .
For any dominant weight κ of T , the automorphic sheaf ωκ of weight κ over X is
defined as follows. Let E/X be the sheaf
E ∶= ⊕
τ∈T
IsomOX (OaτX , ωτ ) ;
it admits a natural left action of H. Given an irreducible representation (ρκ, Vκ) of
H of highest weight κ, we define ωκ ∶= E ×ρκ Vκ so that for each OE,p-algebra R,
ωκ(R) ∶= (E × Vκ ⊗R)/(ℓ,m) ≡ (gℓ, ρκ(tg−1)m).
An automorphic form of weight κ and level K, defined over an OE,p-algebra R, is
a global section of the sheaf ωκ on XK ×OE,p R.
2.2.5. Admissible weights. We now introduce the set of dominant weights by which
Maass–Shimura differential operators (as well as the analogous differential operators
studied in Section 3) can raise the weight of an automorphic form.
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For convenience, we identify the set of dominant weights of (the maximal torus T
of) H with the set
X(T )+ ∶= {(κ1,τ , . . . , κaτ ,τ) ∈ ∏
τ∈TF
Zaτ ∣κi,τ ⩾ κi+1,τ for all i},
via the morphism ∏τ∈TF diag(t1,τ , . . . taτ ,τ) ↦ ∏τ∈TF ∏1⩽i⩽aτ tκi,τi,τ . For κ ∈ X(T )+, we
write
∣κ∣ ∶= ∑
τ∈TF
∑
1⩽i⩽aτ
κi,τ .
We call a dominant weight κ ∈ X(T )+ positive if κ /= 0 and κaτ ,τ ⩾ 0 for all τ ∈ T ;
we call κ even if κi,τ ≡ 0 mod 2 for all τ ∈ TF and all 1 ⩽ i ⩽ aτ , and we call κ
sum-symmetric if ∑1⩽i⩽aτ κi,τ = ∑1⩽i⩽aτ∗ κi,τ∗ for all τ ∈ TF .
Definition 2.2.1. A dominant weight λ is called admissible of depth eλ = e, for
e ∈ Z>0, if the corresponding irreducible algebraic representation of H occurs as a
constituent of the representation (V 2)⊗e for
V 2 ∶=
⎧⎪⎪⎨⎪⎪⎩
⊕τ∈TF0 Sym
2Vτ in the symplectic case,
⊕τ∈TF0(Vτ ⊗ Vτ∗) in the unitary case.
By definition, admissible weights are positive. Furthermore, a dominant weight
λ is admissible in the symplectic case if and only if it is positive and even; and in
the unitary case, a dominant weight λ is admissible if and only if it is positive and
sum-symmetric.
Note that if λ is admissible, then ∣λ∣ is positive and even, and the Young sym-
metrizer
yλ∶V
⊗∣λ∣
→ Vλ
induces an epimorphism (V 2)⊗∣λ∣/2 → Vλ, which by abuse of notation, we still denote
by yλ. Hence, in particular, λ is admissible of depth eλ = ∣λ∣/2.
Remark 2.2.2. We denote scalar weights by (kτ )τ∈TF ∶= (kτ , . . . , kτ )τ∈TF for integers
kτ . Furthermore, if there exists an integer k such that kτ = k for all τ , then we write
k for (kτ)τ∈TF . In the symplectic case, a scalar weight (dτ)τ∈TF is admissible if and
only if dτ ⩾ 0 and even, for all τ ∈ TF . Hence, in the Siegel case, the admissible
scalar weights are exactly the positive multiples of 2. In the unitary case, a scalar
weight (dτ)τ∈TF is admissible if and only if aτdτ = aτ∗dτ∗ , for all τ ∈ TF . Hence, in
the Hermitian case, a scalar weight is admissible if and only if dτ = dτ∗ , for all τ ∈ TF .
2.2.6. Hasse invariants and p-adic automorphic forms. We recall the construction
and properties of Hasse invariants relevant to our settings. Details are available, for
various contexts, in [Gor01, Con06, GN17] and [AG05, Section 7].
Let π∶A → X denote the universal abelian scheme over the mod p reduction X
of the Shimura variety X . Setting ωA/X ∶= π∗Ω1A/X , we have the Hodge filtration of
H1dR(A/X) over X:
0→ ωA/X →H
1
dR(A/X)→ R1π∗OA → 0.
Let F∶X →X denote the absolute Frobenius on X; we denote by A(p) ∶= A×X,FX
the pullback of A under F, and by Fr∶A → A(p) the relative Frobenius of A. The
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morphism Fr induces an OX-linear map
Fr∗∶R1π∗OA(p) = R
1π∗O
(p)
A → R
1π∗OA;
we denote the dual map by
h∶ωA/X → ωA(p)/X = ω
(p)
A/X
.
Definition 2.2.3. The Hasse invariant is the automorphic form
E ∶= deth ∈H0 (X, ∣ωA/X ∣p−1) .
By construction, the ordinary locus S ofX agrees with the complement of vanishing
locus of the Hasse invariant E.
Recall that a sufficiently large power of E is known to lift to characteristic zero.
For any m ⩾ 1, set Xm ∶= X ×W W/pm, and denote by Sm the locus of Xm where (a
sufficiently large power of) the Hasse invariant E is invertible. Define S ∶= lim
Ð→m
Sm
as a formal scheme over W. The formal scheme S is the formal ordinary locus over
W.
Definition 2.2.4. For any dominant weight κ, a p-adic automorphic form of weight
κ is a section of
H0(S, ωκ) ∶= lim
←Ð
m
H0(Sm, ωκ).
3. Analytic continuation of differential operators
This section establishes analytic continuation of the mod p reduction of certain
p-adic differential operators Dλκ (analogues of C
∞ Maass–Shimura differential opera-
tors), a priori defined over the ordinary locus, to the whole Shimura variety. (Recall
from the previous section that we assume we are in case (A) or (C), i.e. the unitary
or symplectic case.) This section’s main result is Theorem 3.4.1, of which Theorem A
is a consequence. Via different methods, de Shalit and Goren obtained related re-
sults on analytic continuation, when one restricts to quadratic imaginary fields F
and scalar weights [dSG17]. Unlike that approach, the techniques below handle all
signatures and all weights simultaneously, and do not rely on explicit computations
via q-expansions.
3.1. Key ingredients for the construction of our differential operators. Let
T be a scheme, and let Y be a smooth scheme over T . Suppose π∶A → Y is a
polarized abelian scheme. In particular, π is a smooth and proper morphism. Let
ω ∶= ωA /Y ∶= π∗Ω1A /Y ⊆H
1
dR(A /Y ), and consider the Hodge filtration
0→ ω ↪H1dR(A /Y )→ R1π∗OA → 0.
Our differential operators are built from the Gauss–Manin connection
∇ = ∇A /Y ∶H1dR(A /Y )→ H1dR(A /Y )⊗Ω1Y /T
and the Kodaira–Spencer morphism
KS = KSA /Y ∶ω ⊗ ω → Ω1Y /T .
By definition, KSA /Y ∶= ⟨⋅,∇(⋅)⟩A , where ⟨⋅, ⋅⟩A is the pairing induced by the polar-
ization on A and extended linearly in the second variable to a pairing between ω and
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∇(ω) (and using the fact that ω is an isotropic subspace of H1dR(A /Y ) under this
pairing). The Kodaira–Spencer morphism induces an isomorphism
ks∶ω2
∼
→ Ω1Y /T ,
where
ω2 ∶=
⎧⎪⎪⎨⎪⎪⎩
⊕τ∈TF0 Sym
2
OY
(ωτ) in the symplectic case
⊕τ∈TF0 (ωτ ⊗OY ωτ∗) in the unitary case.
For details on the Gauss–Manin connection and the Kodaira–Spencer (iso)morphism,
we refer the reader to [Lan13, Sections 2.1.7 and 2.3.5] and [FC90, Section 9].
3.2. Differential operators on p-adic automorphic forms. We briefly recall a
construction of p-adic differential operators Dλκ, analogues of C
∞ Maass–Shimura
operators, introduced in [Kat78, Chapter II] for Hilbert modular forms and extended
to the Siegel and unitary cases in [CP04, Pan05] and [Eis12, EFMV18], respectively.
Let S denote the formal ordinary locus over W (Fp). Write ω = ωA/S . Define
U ⊆H1dR(A/S)
to be the unit root subcrystal. Then U is a complement of ω, and the inclusion
ω ⊆ H1dR(A/S) composed with the projection πU ∶ H1dR(A/S) → H1dR(A/S)/U is an
isomorphism. We denote the induced morphism by
ΠU ∶H1dR(A/S)→ ωA/S .
Define
D ∶= (ΠU ⊗ ks−1) ○ ∇∣ω ∶ ω ⊆H1dR(A/S)→ H1dR(A/S)⊗Ω1S/W (Fp) → ω ⊗ ω2.
For any d ⩾ 1, by the Leibniz rule (the product rule), we obtain an operator
Dd ∶ ω
⊗d
→ ω⊗d ⊗ ω2 ⊆ ω⊗(d+2).
By the construction of Schur operators, for any dominant weight κ, the operator Dd
for d = ∣κ∣ induces an operator
Dκ ∶ ωκ → ωκ ⊗ ω2.
For any admissible weight λ, the corresponding weight-raising differential operators
D
λ
κ ∶ ω
κ
→ ωκ+λ
are induced via Schur functors by the e-th iterations D
(e)
d
∶= Dd+2(e−1) ○⋯○Dd+2 ○Dd,
D
(e)
d
∶ ω⊗d → ω⊗d ⊗ (ω2)⊗e ⊆ ω⊗d+2e,
composed with the Young symmetrizer yλ ∶ (ω2)⊗e → ωλ, for e = ∣λ∣/2.
Remark 3.2.1. For any admissible weight λ and any p-adic form f of weight κ, Dλκ(f)
is a p-adic form of weight κ+λ. In particular, for any integer m ⩾ 1 and any mod pm
automorphic form f ∈H0(Xm, ωκ), we obtain Dλκ(f) ∈H0(Sm, ωκ+λ). By construction
of the Hasse invariant E, for a sufficiently large integer N >> 0, the section EN ⋅Dλκ(f) ∈
H0 (Sm, ωκ+λ+(p−1)N) extends (uniquely) to all of Xm, i.e. EN ⋅Dλκ(f) is, in fact, the
restriction of an element of H0 (Xm, ωκ+λ+(p−1)N).
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We shall prove in Theorem 3.4.1 that when m = 1, for each admissible weight λ,
there exists an explicit integer, namely N = ∣λ∣/2, such that for all dominant weights
κ and all characteristic p automorphic forms f of weight κ, the sections EN ⋅Dλκ(f),
defined a priori over the ordinary locus, extend to all of X ∶= X1.
3.3. Differential operators on automorphic forms modulo p. Let X denote
the reduction modulo p of the Shimura variety X , i.e. X ∶= X1, and set ω = ωA/X .
We now construct a new class of weight-raising differential operators Θλκ on the space
H0(X1, ωκA/X) of automorphic forms in characteristic p. For the special case G = GSp4,
Yamauchi constructed and studied similar operators [Yam16].
3.3.1. Adjugates and the Hasse invariant. For a morphism f ∶F → G of locally free
OX -modules of rank g, the adjugate of f is the morphism
⋆f ∶G ⊗ ∣F ∣→ F ⊗ ∣G∣
(where ∣ ⋅ ∣ denotes the top exterior power) obtained from the dual map
(∧g−1f)t∶ (G ⊗ ∣G∣−1) ≃ (∧g−1G)t → (∧g−1F)t ≃ F ⊗ ∣F ∣−1
after tensoring with the identity map on ∣F ∣⊗ ∣G∣. It satisfies the property that
⋆f ○ (f ⊗ id∣F∣) = idF ⊗ det(f)∶F ⊗ ∣F ∣→ F ⊗ ∣G∣.(7)
Let Fr∶A → A(p) denote the relative Frobenius morphism on the universal abelian
scheme over X. Denote by h∶ωA/X → ω
(p)
A/X
the dual of the morphism Fr∗∶R1π∗O
(p)
A →
R1π∗OA introduced in Section 2.2.6. In the following, by abuse of notation, we still
denote by
⋆h∶ω(p)
A/X
→ ωA/X ⊗ ∣ωA/X ∣p−1
the map obtained by tensoring the adjugate of h with the identity on ∣ωA/X ∣−1 and
then composing with the identification ∣ω(p)
A/X
∣ ≃ ∣ωA/X ∣p. From equality (7), we deduce
that
⋆h ○ h∶ωA/X → ωA/X ⊗ ∣ωA/X ∣p−1
is equal to multiplication by the Hasse invariant E ∶= det(h).
Define
U ∶= Image(Fr∗∶H1dR(A/X)(p) →H1dR(A/X)) .
Lemma 3.3.1. The relative Frobenius Fr∶A → A(p) induces an isomorphism
H1dR(A/X)/U ≃ ω(p).(8)
Under this identification, the inclusion ω ⊆H1dR(A/X) composed with the projection
πU ∶H
1
dR(A/X)→H1dR(A/X)/U
agrees with the morphism h∶ω → ω(p).
Proof. By Katz’s work on the conjugate Hodge–de Rham spectral sequence [Kat72,
Section 2.3] (also [Wed08, §5.1, Proposition 5.1], and [BBM82, §5.1]), the sheaf U
and the quotient H1dR(A/X)/U are locally free of rank g and dual to each other under
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the pairing ⟨, ⟩A on H1dR(A/X) induced by the polarization µA of A. Furthermore, it
follows from this work of Katz that the relative Frobenius
Fr∗∶H1dR(A/X)(p) → H1dR(A/X)
induces an isomorphism
R1π∗O
(p)
A ≃ U .(9)
Dualizing Isomorphism (9), we obtain Isomorphism (8), as well as that the inclu-
sion ω ⊆ H1dR(A/X) composed with the projection πU ∶H1dR(A/X) → H1dR(A/X)/U
agrees with the morphism h∶ωA/X → ω
(p)
A/X
dual to Fr∗∶R1π∗O
(p)
A → R
1π∗OA. 
3.3.2. A construction of differential operators in characteristic p. We continue to set
ω = ωA/X . Consider the morphism
ΠU ∶= ⋆h ○ πU ∶H1dR(A/X)→H1dR(A/X)/U ≃ ω(p) → ω ⊗ ∣ω∣p−1.
Define
Θ ∶= (ΠU ⊗ks−1)○∇∣ω ∶ω →H1dR(A/X)⊗Ω1S/W (Fp) → (ω ⊗ ∣ω∣p−1)⊗ω2 = ω⊗(∣ω∣p−1 ⊗ ω2)
For any d ⩾ 1, by the Leibniz rule (the product rule), we obtain an operator
Θd∶ω
⊗d
→ ω⊗d ⊗ (∣ω∣p−1 ⊗ ω2) ⊆ ω⊗d+p+1.
By the construction of Schur operators, for any dominant weight κ, the operator Θd
for d = ∣κ∣ induces an operator
Θκ∶ωκ → ωκ ⊗ (∣ω∣p−1 ⊗ ω2) .
For any admissible weight λ of depth e = ∣λ∣/2, the corresponding differential oper-
ators
Θλκ∶ω
κ
→ ωκ+λ+(p−1)e
are induced via Schur functors applied to the e-th iteration Θ
(e)
d
∶= Θd+(p+1)(e−1) ○⋯○
Θd+p+1 ○Θd,
Θ
(e)
d
∶ω⊗d → ω⊗d ⊗ (∣ω∣p−1 ⊗ ω2)⊗e ⊆ ω⊗d+(p+1)e,
composed with projection
id∣ω∣(p−1)e ⊗ yλ∶ (∣ω∣p−1 ⊗ ω2)⊗e = ∣ω∣(p−1)e ⊗ (ω2)⊗e → ∣ω∣(p−1)e ⊗ ωλ = ωλ+(p−1)e.
Remark 3.3.2. In Section 3.4, we shall be particularly interested in the action of Θλκ
on the restriction ωA/X ∣S = ωA/S to the ordinary locus S ∶= S1 ⊂ X. For convenience
of notation, we write Θλκ∣S to denote the resulting morphism of sheaves ωκA/S →
ω
κ+λ+(p−1)∣λ∣/2
A/S
over S. Similarly, we write ΠU ∣S for the morphism H1dR(A/S) →
ωA/S ⊗ ∣ωA/S ∣p−1 obtained by restriction to sheaves over S ⊂X.
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3.4. Analytic continuation modulo p. We now prove the operators Θλκ analyti-
cally continue the mod p reduction of the p-adic differential operators Dλκ, a priori
defined only over the ordinary locus S ∶= S1, to all of X ∶= X1. More precisely, we
establish the following result, of which Theorem A from Section 1.2 is a consequence.
Theorem 3.4.1 (Analytic Continuation). For any admissible weight λ and dominant
weight κ,
Θλκ∣S ≡ E ∣λ∣/2 ⋅Dλκ mod p
as morphisms ωκA/S → ω
κ+λ+(p−1)∣λ∣/2
A/S
of sheaves over S.
In particular, for any classical automorphic form f of weight κ, the mod p reduction
of the p-adic automorphic form E ∣λ∣/2 ⋅Dλκf is classical.
Proof. Comparing the constructions of the operators Θλκ and D
λ
κ, the statement re-
duces to the following lemma. 
Lemma 3.4.2. Maintaining the above notation,
ΠU ∣S ≡ E ⋅ΠU mod p
as maps H1dR(A/S)→ ωA/S ⊗ ∣ωA/S ∣p−1.
Proof. We work over S and write ω = ωA/S . Consider the pullback of the slope
filtration to H1dR(A/S)(p), 0 ⊆ U (p) ⊂ H1dR(A/S)(p). By construction of the unit root
subcrystal U , the restriction of the relative Frobenius map Fr∗ to U (p) induces an
isomorphism onto U . Since Fr∗ is equal to 0 on ω(p), it follows from the definition of
U that U = U over S.
By Lemma 3.3.1, the induced morphism
ω ≃H1dR(A/S)/U →H1dR(A/S)/U ≃ ω(p)
agrees with the restriction to S of the morphism h∶ω → ω(p). So we have
ΠU = ⋆h ○ πU ≡ ⋆h ○ h ○ πU ≡ E ⋅ πU mod p.

Remark 3.4.3. Since the weights of Θλκ∣S(f) and Dλκ(f) are different, we can only
compare their values after identifying modular forms of different weights in a larger,
common space of p-adic modular forms V (like in [Hid04, Section 8.1.3] or [CEF+16,
Section 4.2.1]). For the goals of the present paper, we need not concern ourselves with
such details of comparisons between forms of different weights. We note, though, that
since the q-expansions of the Hasse invariant E at ordinary cusps are identically 1
mod p (by, e.g., [Con06]), the q-expansions of Θλκ∣S(f) and Dλκ(f) agree mod p at
ordinary cusps, which implies Θλκ∣S(f) ≡ Dλκ(f)∣S(f) mod p inside V .
3.4.1. Relation to the Rankin–Cohen bracket. In the case of scalar weight Siegel forms,
work of Bo¨cherer–Nagaoka [BN07, Theorem 4] yields a different approach to the
analytic continuation of the operators ED2 modulo p.
Proposition 3.4.4. Let [ , ]RC denote the generalized Rankin–Cohen bracket for Siegel
modular forms constructed by Eholzer–Ibukiyama in [EI98]. Then
Θ2 ≡ (2π√−1)−g [⋅,E]RC mod p.
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Proof. Comparing the formulas for the Rankin–Cohen bracket by Bo¨cherer–Nagaoka
in [BN07, Theorem 4] with those for the action of D2 on q-expansions in [Eis12],
we see the actions of (2π√−1)−g [⋅,E]RC and ED2 agree on q-expansions. Thus, the
statement follows from Theorem 3.4.1 by the q-expansion principle.

4. Commutation relations with Hecke operators
The goal of this section is to explain how the differential operators Θλκ (resp. D
λ
κ)
interact with Hecke operators. Following the convention of [Edi92, Section 3.1], we
use the terminology “commutation relations” to describe this interaction. We shall
see that the two commute up to (explicit) scalar multiples. Hence, in particular, we
shall deduce that the differential operators Θλκ (resp. D
λ
κ) map Hecke eigenforms to
Hecke eigenforms. Furthermore, in the case of Hecke operators at p, we shall prove
that the scalar multiple is a power of p, and as an application, deduce the vanishing
of the operators eDλκ = 0, where e denotes Hida’s ordinary projector.
4.1. Interaction with isogenies. Throughout this section, let Y be a scheme that
is smooth over a scheme T .
Definition 4.1.1. Given two polarized abelian varieties (A,µA), (B,µB), we say that
an isogeny φ∶A → B preserves the polarizations up to a scalar multiple, if there exists
ν(φ) ∈ Q×, called the similitude factor, such that
φt ○ µB ○ φ = [ν(φ)]At ○ µA.
Let (A,µA) and (B,µB) be polarized abelian schemes of the same relative di-
mension g over the scheme Y /T . An isogeny φ∶A → B defined over Y induces a
morphism φ∗∶H1dR(B/Y ) → H1dR(A/Y ), which preserves the Hodge filtration, that is
φ∗(ωB/Y ) ⊆ ωA/Y . By abuse of notation, for each dominant weight κ, we still denote
by
φ∗∶ωκB/Y → ω
κ
A/Y
the morphism induced by the maps (φ∗)⊗d via Schur operators. Note that if the
polarizations µA, µB have the same degree, then ν ∈ Z and deg(φ) = ν(φ)g. In
particular, for (A,µA) = (B,µB), and φ = [n]A, then ν(φ) = n2; in this case, the
morphism (φ∗)⊗d is multiplication by nd.
Lemma 4.1.2. Let (A,µA) and (B,µB) be polarized abelian schemes of the same
relative dimension over Y /T , and let φ∶A → B be an isogeny preserving their polar-
ization up to multiplication by a scalar ν(φ) ∈ Q×. Then
KSA/Y ○ (φ∗ ⊗ φ∗) = ν(φ)KSB/Y .
Proof. By the definition of the Kodaira–Spencer morphism
KSA/Y ∶= ⟨⋅,∇A(⋅)⟩A,
the statement is equivalent to the equality
⟨φ∗(⋅),∇Aφ∗(⋅)⟩A = ν(φ)⟨⋅,∇B(⋅)⟩B .
By the functoriality of the Gauss–Manin connection, we deduce∇A○φ∗ = (φ∗⊗id)○∇B ,
and reduce the statement to the equality
⟨φ∗(⋅), φ∗(⋅)⟩A = ν(φ)⟨⋅, ⋅⟩B .
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The latter follows from φt ○ µB ○ φ = ν(φ)µA. 
4.2. Commutation relations with prime-to-pHecke operators. Following [FC90,
Ch. VII, §3], we define the action of prime-to-p algebraic correspondences, and of
prime-to-p Hecke operators, on automorphic forms.
Fix a rational prime ℓ /= p. We assume ℓ is good (see Section 2.1.3 for definition).
We denote by H0(Gℓ,Q) the Q-subalgebra of the local Hecke algebra H(Gℓ,Kℓ;Q)
generated by locally constant functions supported on cosets KℓγKℓ, for γ ∈ Gℓ an
integral matrix (see Section 2.1.2 for notation).
Definition 4.2.1. We denote by ℓ−Isog the moduli space of ℓ-isogenies over X , and
by φ∶pr∗1A → pr
∗
2A the universal ℓ-isogeny, for
pr = (pr1,pr2)∶ ℓ−Isog → X ×X
the natural structure morphism.
Note that the degree of the universal isogeny is locally constant on ℓ−Isog. For any
connected component Z of ℓ−Isog, the two projections pri∶Z → X are proper, and
they are finite e´tale over X [1/deg(Z,φ)], where deg(Z,φ) denotes the degree of φ on
Z. In particular, they are finite and e´tale over X /OE,(p).
Definition 4.2.2. For any dominant weight κ, there is a natural action of (Z,φ) on
the space H0(X , ωκ) of automorphic forms of weight κ, defined as
Tφ = T(Z,φ),κ ∶= tr ○φ∗ ○pr∗2 ∶H
0(X , ωκ)→H0(Z,pr∗2ωκ)→H0(Z,pr∗1ωκ)→H0(X , ωκ)
It follows from the definition that, for any dominant weight κ, the operator T(Z,φ),κ
induces an action of (Z,φ) on the space H0(X,ωκ) of mod p automorphic forms
of weight κ (by reduction modulo p), and also on the space H0(S, ωκ) of p-adic
automorphic forms of weight κ (by restriction).
Definition 4.2.3. Let Y denote a base scheme such that ℓ is invertible in OY ,
equipped with a map f ∶Y → X (e.g., Y = X over OE,(p), Y = X over Fp, or Y = S
over Zp). There is a natural Q-linear map
h = hℓ∶H0(Gℓ,Q) → Q[ℓ−Isog/Y ]
which to any double cosetKℓγKℓ, with γ an integral matrix inGℓ, associates the union
Z(KℓγKℓ) of those connected components of ℓ−Isog where the universal isogeny is
an ℓ-isogeny of type KℓγKℓ.
By definition, the action on automorphic forms of the prime-to-p Hecke operators
agrees with that of the prime-to-p algebraic correspondences (via pullback under h).
Theorem 4.2.4. Let (Z,φ) be a connected component of ℓ−Isog. For any dominant
weight κ and any admissible weight λ, we have
(1) Tφ ○Θλκ = ν(φ)∣λ∣/2Θλκ ○ Tφ
(2) Tφ ○Dλκ = ν(φ)∣λ∣/2Dλκ ○ Tφ
where ν(φ) denotes the similitude factor of φ.
Proof. For Part (1), by the functoriality of the construction of the operators Θλκ, it
suffices to establish the equality
Tφ ○Θ = ν(φ)Θ ○ Tφ.
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By definition, Θ ∶= (ΠU ⊗ ks−1) ○ ∇∣ωA/X . By the functoriality of the Gauss–Manin
connection ∇, and of the definition of ΠU , it suffices to prove the equality
ν(φ)KS = KS ○ (φ∗ ⊗ φ∗)∶pr∗2H1dR(A/X)⊗ pr∗2H1dR(A/X)→ pr∗1Ω1X/T .
This follows from Lemma 4.1.2.
For Part (2), the statement reduces to the equality Tφ ○D = ν(φ)D ○ Tφ, and the
same argument applies to the operator D, with the morphism ΠU in place of ΠU . 
Remark 4.2.5. In the Siegel case, for an admissible scalar weight λ = d, we have that
d is even, ∣λ∣ = gd, and ν(φ)∣λ∣/2 = deg(φ)d/2. In particular, for g = 2, Theorem 4.2.4
specializes to Yamauchi’s result [Yam16, Proposition 3.9].
4.3. Commutation relations with Hecke operators at p. Following [FC90, Ch.
VII,§4], we define the action of p-power algebraic correspondences, and of Hecke
operators at p, on automorphic forms over the ordinary locus S. Following loc.cit.,
we identify H ×Gm with the appropriate maximal Levi subgroupM of G over Zp (see
Section 2.2.3).
We write Mp ∶=M(Qp), and γ ∈Mp as γ = (α,pd) with α ∈H(Qp) and d ∈ Z. Note
that γ = (α,pd) ∈Mp is an integral matrix if and only if d ⩾ 0 and both α and pdα−1
are integral matrices in H(Qp). Also, by definition M(Zp) =Kp∩Mp, hence the local
Hecke algebra H(Mp,M(Zp);Q) is a subalgebra of H(Gp,Kp;Q) (see Section 2.1.2
for notation).
We denote by H0(Mp,Q) the Q-subalgebra of H(Mp,M(Zp);Q) generated by lo-
cally constant functions supported on cosets M(Zp)γM(Zp), for γ ∈ Mp an integral
matrix.
Definition 4.3.1. We denote by p−Isogo the moduli space of p-isogenies over the
ordinary locus S, and by φ∶pr∗1A → pr
∗
2A the universal p-isogeny, for
pr = (pr1,pr2)∶p−Isogo → S × S
the natural structure morphism.
By [FC90, §VII.4, Proposition 4.1], for any connected component Z of p−Isogo, the
two projections pri∶Z → S are finite and flat over S/W (Fp).
Definition 4.3.2. For any dominant weight κ, there is a natural action of (Z,φ) on
the space H0(S, ωκ) of p-adic automorphic forms of weight κ, defined as
Tφ = T(Z,φ) ∶= tr ○ φ∗ ○ pr∗2 ∶H
0(S, ωκ)→H0(Z,pr∗2ωκ)→H0(Z,pr∗1ωκ)→H0(S, ωκ).
Theorem 4.3.3. Let (Z,φ) be a connected component of p−Isogo. For any dominant
weight κ and any admissible weight λ, we have
Tφ ○D
λ
κ = ν(φ)∣λ∣/2Dλκ ○ Tφ,
where ν(φ) denotes the similitude factor of φ. In particular, if ν(φ) > 1, then Tφ○Dλκ ≡
0 mod p.
Proof. The commutation relations follow by the same argument as in the proof of
Part (2) of Theorem 4.2.4. The vanishing in positive characteristic follows from the
equality ν(φ) = pd, for d ⩾ 1. 
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Consider the mod p-reduction
pr
Fp
∶p−Isogo ⊗
W (Fp)
Fp → S × S.
Note that the degree, similitude factor, and p-type of the universal isogeny are lo-
cally constant on p−Isogo. (Recall that, by definition, the p-type of a p-isogeny with
similitude factor pd is a coset H(Zp)αH(Zp) of an integral matrix α ∈ H(Qp) such
that pdα−1 is also integral.) In [FC90, §VII.4, Proposition 4.1], for any connected
component Z of p−Isogo⊗
W (Fp)
Fp, Faltings and Chai compute the purely inseparable
multiplicity µ(Z) of the geometric fibers of pri∶Z → S in terms on the degree and the
p-type of the universal isogeny on Z. Furthermore, they prove there is a well-defined
integral action of the operator µ(Z)−1T(Z,φ) on the space of mod p automorphic forms
of weight κ, for all dominant weights κ.
We define the normalized action of (Z,φ) on mod p automorphic forms as tφ =
t(Z,φ) ∶= µ(Z)−1T(Z,φ).
Definition 4.3.4. Let Y denote a base scheme of characteristic p, equipped with a
map f ∶Y → S. There is a natural Q-linear map
h = hp∶H0(Mp,Q) → Q[p − Isogo/Y ]
which to any double coset M(Zp)γM(Zp) with γ = (α,pd) an integral matrix in
Mp, associates µ(Z(α,d))−1 ⋅Z(α,d), where Z(α,d) denotes the union of those con-
nected components of p − Isogo where the universal isogeny is a p-isogeny of p-type
H(Zp)αH(Zp) and similitude factor pd.
By definition, the action of the Hecke operators at p on mod p automorphic forms
agrees with the normalized action of p-power algebraic correspondences.
4.3.1. Hida’s ordinary projector. In [Hid04, §8] (also [Hid02, §3.6]), Hida establishes
the divisibility of the Hecke operators at p on p-adic automorphic forms by a given
power of p, keeping their integrality. More precisely, he proves that the normalized
action on mod p automorphic forms lifts to p-adic automorphic forms.
For 1 ⩽ j ⩽ n, let αj ∈ H(Qp) defined as αj,τ ∶= diag[In−j , pIj], τ ∈ T0. (For any
positive integer k, Ik denotes the k × k identity matrix.) Let Zαj denote the union
of those connected components of p−Isogo where the universal isogeny has p-type
H(Zp)αjH(Zp) and similitude factor p. For j = 1, . . . , n, Hida proves the integrality
of the operators µ(αj)−1U(αj) ∶= µ(Zαj )−1T(Zαj ,φ) on the space of p-adic automorphic
forms over the ordinary locus.
By definition ([Hid04, §8.3.1, Lemma 8.12]), the ordinary projector e on the space
of p-adic automorphic forms is
e ∶= lim
Ð→
m
U(p)m!
where U(p) ∶=∏n1 µ(αj)−1U(αj).
Hence, by Theorem 4.3.3, we deduce the following result.
Corollary 4.3.5. For any dominant weight κ, and admissible weight λ, we have
eDλκ = 0.
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5. Applications to Galois representations
Theorem 4.2.4 implies that the mod p differential operators from Section 3 map
Hecke eigenforms to Hecke eigenforms. When there are Galois representations arising
from the corresponding systems of Hecke eigenvalues, it is natural to ask how our
differential operators affect the Galois representations.
5.1. An axiomatic theorem. We start with a result on Galois representations at-
tached to systems of Hecke eigenvalues for a general algebraic reductive group G
defined over Q (and split over a number field F ), as introduced in Section 2.1.3.
We fix a prime p and write χ for the mod p cyclotomic character. Given a mod p
Hecke eigenform f , we denote Σf the set of places that are bad with respect to p and
the level of f , and by R(f) the set of Galois representations ρ∶Gal (F /F) → Gˆ(Fp)
that are (conjecturally) attached to f as in Conjecture 2.1.1.
Theorem 5.1.1 (Axiomatic Theorem). Let G be a connected reductive group over
Q, split over the number field F . For i = 1,2, let fi be a mod p Hecke eigenform on
G. For v ∉ Σi ∶= Σfi, let Ψi,v∶H(Gv ,Kv ;Fp)→ Fp denote the Hecke eigensystem of fi
at v. Then
(10) Ψ2,v(cλ) = η(λ(πv))Ψ1,v(cλ) for all λ ∈ P+, v ∉ Σ1 ∪Σ2,
for a character η of G if and only if
(11) (ηˆ ○ χ)⊗ ρ1 ∈ R(f2) for all ρ1 ∈ R(f1),
for the cocharacter ηˆ of Gˆ corresponding to η by duality.
Remark 5.1.2. For Galois representations arising from Hecke eigenforms on symplectic
and unitary groups, Theorem 5.1.1 specializes to Theorem B from Section 1.2, as we
shall observe in Section 5.2.
Remark 5.1.3. The use of the tensor product sign in (ηˆ ○χ)⊗ρ1 is generally an abuse
of notation and should be understood as in Lemma 5.1.5. We retain the ⊗ notation
because it is evocative of the case when Gˆ is a group of matrices, where we are indeed
dealing with a tensor product of representations.
The proof of Theorem 5.1.1 uses the following lemmas.
Lemma 5.1.4. Let G be a reductive group and let η∶G → Gm be a character of G.
Then the cocharacter ηˆ∶Gm → Gˆ has image in the center Z(Gˆ) and
η ○ µ = η ○ λ
for any dominant weights µ,λ ∈ P+ such that µ ⩽ λ.
Proof. The image of η is abelian. So η(G′) = 1, where G′ denotes the derived subgroup
of G. So η induces a character of the abelianization of G, hence the dual cocharacter
ηˆ lands in the center of Gˆ. Moreover, since η(G′) = 1, and the coroots of G are the
same as the coroots of G′, we see that η ○ α∨ = 1 for any coroot α∨. If µ and λ are
comparable, their differ by a linear combination of coroots, hence η ○ µ = η ○ λ. 
Lemma 5.1.5. Let G be a reductive group over a field k and let η∶G → Gm be a
character of G. Let ρ∶Γ → Gˆ(k) be a representation of a group Γ into the k-valued
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points of the dual group Gˆ. Let χ∶Γ → Gm(k) be a k-valued character of Γ. Then the
map (ηˆ ○ χ)ρ∶Γ → Gˆ(k) given by
(12) ((ηˆ ○ χ)ρ)(γ) = ηˆ(χ(γ))ρ(γ)
is a representation of Γ.
Proof. In order to show that Equation (12) defines a group homomorphism, it suffices
to prove that ηˆ(χ(γ)) is in the center of Gˆ(k), which was done in Lemma 5.1.4. 
We are ready to prove the main result of this section.
Proof of Theorem 5.1.1. Let ρ1 ∈ R(f1) and define ρ2 ∶= (ηˆ ○ χ)⊗ ρ1. Then ρ1 and ρ2
are both unramified at primes v ∉ Σ ∶= Σ1 ∪Σ2, and ρ2(Frobv) = ηˆ(πv)ρ1(Frobv) for
all v ∉ Σ.
For v ∉ Σ, let si,v denote the v-Satake parameter of fi, for i = 1,2. Then ρi ∈ R(fi)
if and only if si,v = ρi(Frobv) for all v ∉ Σ. Hence Equation (11) is equivalent to the
equalities
s2,v = ηˆ(πv)s1,v for all v ∉ Σ.
Fix v ∉ Σ. Recalling the Satake parameters from Section 2.1.2, note that the
equality s2,v = ηˆ(πv)s1,v is equivalent to
χλ(s2,v) = χλ(ηˆ(πv)s1,v) for all λ ∈ P+.
Let λ ∈ P+, and let ρλ∶ Gˆ(Fp)→ GL(Vλ) be the irreducible representation of Gˆ(Fp)
of highest weight λ. As a function on the maximal torus Tˆ , the character of ρλ can
be written as
χλ = ∑
µ⩽λ
(dimVλ(µ))µˆ.
In particular,
χλ(ηˆ(πv)sf1,v) = ∑
µ⩽λ
(dimVλ(µ))µˆ(ηˆ(πv)sf1,v) = ∑
µ⩽λ
(dimVλ(µ))µˆ(ηˆ(πv))µˆ(sf1,v)
= ∑
µ⩽λ
(dimVλ(µ))η(µ(πv))µˆ(sf1,v) = η(λ(πv))∑
µ⩽λ
(dimVλ(µ))µˆ(sf1,v)
= η(λ(πv))χλ(sf1,v),
where we used that η(µ(πv)) = η(λ(πv)) whenever µ ⩽ λ (see Lemma 5.1.4).
Hence, Equation (11) holds if and only if
(13) χλ(s2,v) = η(λ(πv))χλ(s1,v) for all λ ∈ P+, v ∉ Σ.
We use Equation (6) to show that Equation (10) implies Equation (13) (and hence
Equation (11)). So
χλ(s2,v) = ω2(χλ) = Ψ2,v (S−1v (χλ)) = Ψ2,v ⎛⎝q⟨−ρ,λ⟩v ∑µ⩽λdλ(µ)cµ
⎞
⎠
= q⟨−ρ,λ⟩v ∑
µ⩽λ
dλ(µ)Ψ2,v(cµ) = q⟨−ρ,λ⟩v ∑
µ⩽λ
dλ(µ)η(µ(πv))Ψ1,v(cµ)
= η(λ(πv))q⟨−ρ,λ⟩v ∑
µ⩽λ
dλ(µ)Ψ1,v(cµ) = η(λ(πv))χλ(s1,v),
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after another appeal to Lemma 5.1.4. Similarly, Equations (5) can be used to show
that Equation (13) implies Equation (10). 
5.2. Effects of differential operators on Galois representations. We assume
the group G is symplectic or unitary.
Proof of Theorem B. (For consistency with the notation in Section 5.1, here λ denotes
a dominant weight in P+, and the admissible weight in the statement of Theorem B
–previously denoted by λ– is κ0.) Theorem 4.2.4 implies that the assumptions in
Theorem 5.1.1 are satisfied by the systems of Hecke eigenvalues associated with a
mod p automorphic form f , of weight κ, and its image under Θκ0 = Θκ0κ . More
precisely, Theorem 4.2.4 implies
ΨΘκ0(f),v(cλ) = ν(λ(πv))∣κ0∣/2Ψf,v(cλ),
for all λ ∈ P+ and all but finitely many places v (e.g., all places v not above p and
of good reduction for the Shimura variety X ). Hence, the theorem is an immediate
consequence of Theorem 5.1.1. 
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